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Monday , October 12 ,

Lecture 19 : Caushy consequences ,
Liouville's Thm

Last tim e...

The (Cauchy's thm)
-

Let fire be holomorphic on a simply connected

region the ,

and let WitbJ5 beacts
, piecewise smooth

loop.
Then

Sflzldz = 0
.

z

cor : ifWant have the same orientation on
-

endpoints , then ·

Sof(z)bz = Sy f(z)dz



The simply connected assumption on th is crucial !

Ex : (extremely important).
-

Let f(z) = E :
and W(t)= eit

,
teto

,2i] .

Then

Jed = Jiect ⑪
j g

=gidt
= 2ii

.

Why doesn't Cauchy's
the apply ?

E has a singularity at z = 0 ,
so the domainh

has a hole and is
not simply connected :

= 150,
HW : Primer to residue the

This is a surprisingly powerful theorem.
We may use it

to "deform" line integrals .



Ex: Deformation

Compute

LetaBy Cauchys the, since

et holomorphic inside a

Getz = Get
= Sje dx
= e' - 1 .

-

&chintegralfore
..

Tj We can't immediately

⑦on calculate & singularity at
since
-= DISz3 is not

3 : E.

simply connected.



But...

Uk

sin ⑳->
Cauchy

& [S63 =/+
V j Y
↳

Tsince holomorphic ,

f is continuous
,
so

as 200
,
f(3)[f(z) forally on Us

~ ( + f(z)fa
↳

This is just likeJ ,
but effect and

⑧In backwards
.

Z

= (3 + f)(-2T



The : Cauchy's Integral
Formula

-

Let f be holomorphic
on simply connected of old a loop in me .

Let z be inside W. Then

flu):
es

f(z) is epletely

*
.

determined by
its boundary values!

How crazy is
that ??

· Notice : if z is outside I then f(z)
-

&
- - z

2
is holomorphic inside U,

=... S8⑨

8 if3
y

By Cauchy's Theorem .

· Warning
! Then does net apply if f is not holo

,

eig.
Iz or E.



We canto even more .

Notice : " z

f
I

(*) Doingthis f(b)n drequires some
careful math.

The (Cauchy's Integral Formula forDerivatives
-

Letoh be simply connected and let fis-> D

beholomorphic .
Then for a point z inside a loop W,

f A )= 3.

nin derivative ,
so flotel : fle

f (z) = f (z)

Ex : Compute ,
with Vimit circle

.

Jude
Sh: Observe that et is holomorphic ,

So this is

of the form

J=
z



Prop : Cauchy Inequalities
&

-

Let + holomorphic on of and let Dr &22 with boundary W.

Sps If(3)/CM for all 50 .

Then for all K = 1
,
2,
... ⑮

1 f(r)(201 M.

· So : derivatives of holomorphic functions cannot be "too dig".

· very different
from real analysis ! eg. f(x)= xi on [ -1 , 12

↑ Y If(x)):1 on V=ll : 13,

#. but fith is unboundat
f'(x) == x

- 2

,

1Ss D
If(ERb

R= 15- zo

Van Length
10

: (2R)

:
#
A



DetEntireanction f : Cac etie if
f is holomorphic on all of K .

E polynomials , exponential series et
X

Nonex : E , geometric series
-

Thm (Loniville's Thus
-

If f is entire and bounded
,
:e

.

EM with If(z)/IM FzeC,

then f is constant.

#Cauchy Enequalities , for my ze , If 'll :*

Now
, takelimit ,

sof



This one isGramatic
.

There are many bounded nonconstant

functio on R :

S
2

·
sinx coxF· Gaussin

Bounded in all directions is a strong
condition !

· sin in: Ene is unbonded

·

elixx is unbonded

One more big theorem ,

closely related to optimization.
· For real functions :R-R on a

bounded

domain ot
, easy

to have"interior maxima" :

zo is
insider ,

*
not on doundary 2

Surprising fact
: this can never happen if

u is a nonconstant harmonic function
, if.


